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Abstract
Establishingcorrespondencebetweenfeatures in two images of
thesamescenetaken fromdifferentviewing anglesis a challeng-
ing problemin image processingand computervision. However,
its solution is an important stepin manyapplicationslike wide
baselinestereo,3D modelalignment,creationof panoramicviews
etc.In this paper, we proposea techniquefor registration of two
imagesof a faceobtainedfromdifferentviewing angles.We show
that prior informationaboutthegeneral characteristicsof a face
obtainedfrom video sequencesof different facescan be usedto
designa robustcorrespondencealgorithm. Themethodworksby
matching 2D shapesof thedifferentfeaturesof theface(e.g. eyes,
noseetc.). A doublystochasticmatrix, representingtheprobabil-
ity of match betweenthe features, is derivedusing the Sinkhorn
normalizationprocedure. The�nal correspondenceis obtainedby
minimizingtheprobability of error of a match betweentheentire
constellationof featuresin the two sets,thustaking into account
theglobal spatialcon�guration of thefeatures.Themethodis ap-
plied for creatingholistic 3D modelsof a facefrom partial rep-
resentations.Althoughthis paperfocusesprimarily on faces,the
algorithmcanalsobeusedfor otherobjectswith smallmodi�ca-
tions.

1. INTRODUCTION

Establishingcorrespondencebetweenfeaturesin two imagesof
thesamescenetakenfrom differentviewing anglesis a challeng-
ing problemin imageprocessingandcomputervision. The dif-
�culty of theproblemis compoundedby the fact that the images
may be obtainedunderdifferentconditionsof lighting andcam-
erasettings. However, its solution is an importantstepin many
applicationslike wide baselinestereo,3D modelalignment,cre-
ationof panoramicviews etc. Numerousmethodshave beentried
to solve this problem,rangingfrom techniqueswhich take advan-
tageof theknowledgeof thegeometryof thesceneto oneswhich
usedifferentinformationtheoreticmeasuresto computesimilarity.
[1, 2, 3, 4, 5, 6].

Themethodpresentedhereworkswith theedgeimageof lo-
cal features(whichgivesanapproximatenotionof the2D shapeof
that feature),ratherthantheir intensity. A doubly stochasticma-
trix, representingtheprobabilityof matchbetweenthefeatures,is
obtainedusingSinkhornnormalization[7] andtheprior informa-
tion. A statisticallyoptimaltechniqueis proposedwhich relieson
minimizing theprobabilityof errorof a mismatchor equivalently
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maximizingtheposteriordensityof thematchgivenafeature.The
methodworks by matchingthe entireconstellationof featuresin
the two sets. The searchspaceis no longer the set of features,
but all their permutations(N ! for N features).Themotivationfor
this global strategy (asopposedto thecorrespondenceof individ-
ual features,which is local to thatregion) is thatit emphasizesthe
structuraldescriptionof the patternof the features.Useof prior
informationof the shapeis an essentialpart of the scheme.The
prior informationis extractedfrom thevideosequencein theform
of anaveragerepresentationof thefeatures.Theincorporationof
prior informationinto thedesignof thedetectionstrategy leadsto
a robust algorithm. The prior informationcanbe collectedonce
for different classesof objectsand usedacrossdifferent objects
in that class,e.g. in our application,the prior information can
becollectedoncefrom videosequencesof oneor morefacesand
usedacrossa largenumberof faceswith similarcharacteristics.A
two-stepoptimizationprocessconsistingof identifyingocclusions
followed by a probabilisticmatchingfor eachpermutationof the
two setsof features,is adopted.It is alsoshown that, in practice,
thesearchsetcanbemadelessthanN !. Theabove principlesare
usedto obtainholistic3D modelsof afacefrom its videosequence
by �rst creatingpartialmodels.

2. REGISTRATION USING PRIOR MODELS

Ouraim is to obtaincorrespondencesbetweentwo setsof features
extractedfrom two imagestakenfrom differentviewing directions
andrepresentedassetsof randomvariables,X = [X 1 ; :::; X P ]
andY = [Y1 ; :::; YM ]. Eachof theelementsof thesetsrepresents
the collection of cornersin a local region aroundthe featureof
interest,thus giving an idea of the 2D shapeof the region (see
Figures(2)and(3)); henceweusethetermshapecues. Thoughthe
shapesof differentfeaturesareusuallysigni�cantly different,and
thereforeeasierto match,they areoftendependenton theviewing
angleandtheir extractionprocessis extremelysensitive to noise.
To overcomethis,weusepriors,whicharethemeanshapeof each
feature(“meanfeature”)collectedover a rangeof viewing angles
from the video sequence.Sincethe shapeof the featuresdo not
vary drasticallyfor differentpeople,theprior informationcanbe
collectedonly onceandusedacrossdifferentvideosequences.

2.1. Computing the FeatureCorr espondenceProbabilities

Let � = � 1 ; :::; � K representtheprior informationof K features.
Let H i bethehypothesisthatYi matchesX andwe wish to com-
pute the a posteriori probability P (H i jX ). De�ning the event



EX � j = f X matches� j g, we hypothesizethat theprobabilityof
X matching� j is directly proportionalto the innerproductof X
with � j (sinceinnerproductgivesa measureof similarity). Since
X and � j arebinary images,the innnerproductwill always be
non-negative. Then

P(EX � j jX = X n ) =
1

P K
j =1 < X n ; � j >

< X n ; � j > (1)

where< : > denotesinnerproduct.For two P � Q sizeimages,
< X n ; � j > = 1

P Q

P P
p=1

P Q
q=1 X n (p; q)� j (p:q). Similarly, the

probabilitythatYi matchesX giventheeventEX � j is proportional
to theinnerproductof Yi to � j ,

P (H i jX ; EX � j ) =
1

P K
j =1 < Yi ; � j >

< Yi ; � j > : (2)

Then,from thetheoremof total probability, thea posterioriprob-
ability (which is theprobabilityof X n matchingYi ),

P (H i jX ) =
KX

j =1

P(H i jX ; EX � j )P (EX � j jX = X n ) (3)

Maximizing thisa posterioriprobabilityis equivalentto minimiz-
ing theerrorof amatch.

2.2. Prior Inf ormation

Assumethata featureX i (n) 1 is corruptedby independent,zero
mean,additivenoise� . Let

X i (n) = Si (n) + � i (n); n = 1; :::; L: (4)

whereSi (n) is thetrueunknown valueof thefeature.Then� i =
E [X i ] = E [Si ] = 1

L i

P L i
n =1 X i (n), sincethenoiseis zeromean

andindependentof theparameterandthemeanis computedover
a rangeof viewing anglesL i (L i can be different for different
features).Thuswe cancomputethe probability of a featureX n

in onemodelmatchinganotherfeatureYi in theothermodelfrom
(3). The probability is maximumwhenboth X n andYi matcha
particularprior feature� j .

2.3. Identifying UnpairedFeatures

In matchingfeaturesfrom two differentviews, it is importantto
identify featurespresentin oneview but not in theother. If a par-
ticular featureX n doesnot have a correspondingmatchin theset
Y , thenP(H i jX = X n ); i = 1; :::; M will not have any distinct
peakandX n canbe identi�ed. Similarly, if H

0

i is thehypothesis
that X i matchesY , P(H

0

i jY = Ym ); i = 1; :::; N will have a
relatively �at pro�le if Ym doesnot have a correspondingmatch
in X .

2.4. Corr espondenceMatrix

From the posteriorprobabilities,we would like to obtain a sin-
gle doublystochasticmatrix C(X ; Y ), eachrow of which would
denotetheprobabilityof matchingtheelementsof Y givena par-
ticular one X and eachcolumn the probability of matchingthe

1The notationX i (n) representsthe i th featurefrom the nth viewing
position.

elementsof X given a particularY . This is doneby using the
Sinkhornnormalizationprocedureto obtain a doubly stochastic
matrix by alternatingrow and column normalizations[7]. This
allowsusto useeitherX or Y asthereferencefeatureset.

2.5. The Global Matching Scheme

Ratherthancomputinga probability of matchfor individual fea-
tures,a morereliablecorrespondencecanbe obtainedif we con-
sider the entire set of features,taking into accounttheir spatial
arrangementin theobject,i.e. theconstraintson therelative con-
�guration of thefeatures.Consider, for thepurposesof this anal-
ysis two setsof featuresX and Y having the samecardinality,
sayN (after identifying the unpairedfeatures). We want to as-
signa probabilityof matchof X againstall possiblepermutations
of Y . Let thepermutationsof Y berepresentedby Y 1 ; :::; Y N ! ,
with Y i = [Y(1) ; :::; Y( N ) ] where[Y(1) ; :::; Y( N ) ] representsan
orderingof [Y1 ; :::; YN ]. Let H i representthehypothesisthatY i

matchesX (notethe superscriptusedto distinguishwith the hy-
pothesisfor individual features).Then,

P (H i jX ) = � N
j =1 P(H ( j ) jX j ); (5)

whereH ( j ) is thehypothesisthatY( j ) matchesX j for aparticular
permutationY i . Computingeachof the probabilitiesin (5), we
seethatP (H i jX ) is maximumwhenthepermutationY i matches
thesetX , elementto element.

2.6. The Corr espondenceAlgorithm

We are given two imagesI 1 and I 2 , obtainedfrom projections
of thetwo partialmodels,andthepre-computedprior information
� 1 ; :::; � K .
1.FeatureExtraction: Computethesetof featuresX = [X 1 ; :::; X P ]
andY = [Y1 ; :::; YM ] usinga suitablefeatureextractionmethod
(in ourcase,acorner-�nder algorithm).
2.ComputeProbabilityof Match: Computethematchprobabilities
from (3) usingtheprior information� 1 ; :::; � K .
3.Identify Unpaired Features: Identify thosefeaturespresentin
oneview, but not in the otherasexplainedabove. At the endof
this process,we are left with two setswith the samecardinality
(denotingthepairedfeatures)which have to bematched.Denote
themasX = [X 1 ; :::; X N ] andY = [Y1 ; :::; YN ].
4.SinkhornNormalization: Computethe correspondencematrix
C(X ; Y ) by applying the Sinkhornnormalizationprocedureon
thematchprobabilitiesafterremoving theunpairedfeatures.
5.ComputeProbability for the Spatial Arrangementof the Fea-
tures: Computetheposteriorprobability for matchingX with all
permutationsof Y , i.e. P (H i jX ); i = 1; :::; N ! from (5).
6.Search for BestMatch: Obtaini = arg maxi P(H i jX ). Assign
Y i = [Y(1) ; :::; Y( N ) ] to matchX .

2.7. Reducingthe Search Space

In practice,the searchspacecanbe reducedfrom N !. For each
X = X n ; n = 1; :::; N for thepairedsetsof features,identify the
set �Yn = f Yi : P (H i jX = X n ) > pg, wherep is anappropri-
atelychosenthreshold.Alternatively, wecanchoosethef Yi g with
themaximuml valuesof theposteriordensities.Wecanthencom-
putetheprobabilityof matchfor thepermutationsof Y with this
reducedset.Theactualnumberof elementscontainedin thesearch
spacewill dependonexactcompositionof �Yn ; n = 1; :::; N .



3. EXPERIMENT AL ANALYSIS AND APPLICATIONS

3.1. FeatureSelection& Prior Extraction

To selectthe featuresthat needto be registered,we usea corner
�nder algorithm basedon an interestoperator2 [8]. Given this
setof pointsde�ning thecornersof the image,a clusteringalgo-
rithm, like k-means,wasusedto identify featurepointsthatneed
to bematched.Fig. 1 plotstwo setsof featuresidenti�ed usingthis
strategy. However, in orderto avoid thefeaturematchingproblems
that canarisedueto the symmetryof a face,we only considered
featureslocatedin the right 70%of theoriginal images.In addi-
tion, featureslying in the region nearthe imageboundarieswere
neglected. We will presentour resultson this smallersetof fea-
tures. Thenumberof featuresis suf�cient for our application,as
thenumberof distinctfeaturesonafaceis limited andwearecon-
sideringnot just the speci�c pointsrepresentedby thesefeatures
but theregionsaroundthem.Figures(2) and(3) representthetwo
featuresetsthatneedto beregistered.Fig. (4) representsthepre-
computedprior informationin theform of themeanfeatures.The
prior was collectedby trackinga set of featuresacrossmultiple
framesof avideosequenceandthenintegratingthem.

Fig. 1. Featuresidenti�ed in thefront andsideview imagesby applying
ak-meansclusteringto theoutputof thecorner-�nder.

(113,9) (108,76) (144,37)

(144,74) (111,97) (148,105)

(82,133) (100,161)

Fig. 2. The shapeof the signi�cant imageattributesin the front view
aroundthe featurepoint whosepositionin theoriginal imageis indicated
on top.

3.2. Estimation of Probabilities

Figure5 givesa graphicalrepresentationof theprobabilitiesrep-
resentedin theform of a matrix P (X ; Y ) whose(i; j ) th element
representsP(H i jX j ); i = 1; :::; P; j = 1; :::M obtainedbefore

2The interestoperatorcomputesthematrix of secondmomentsof the
localgradientanddeterminescornersin theimagebasedontheeigenvalues
of thismatrix.
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(99,81) (142,46) (133,81)

(96,100) (67,135) (80,163)

Fig. 3. The shapeof the signi�cant imageattributes in the side view
aroundthe featurepoint whosepositionin theoriginal imageis indicated
on top.

Fig. 4. The prior information (the shaperepresentationaveragedover
a large numberof viewing angles)which wasprecomputedandusedfor
multiple facemodelingapplications.

theSinkhornnormalizationprocedure.It canbeseenthat thereis
adistinctpeakfor eachrow andcolumnof thematrix,correspond-
ing to matchingof a pair of features.The valleys of this surface
plot, representingrows or columnswith no peaks,correspondto
unmatchedpairsof features.Figure6 plots the probabilitiesfor
matchingthe entiresetof featuresX against the setof permuta-
tionsof Y . As expected,thereis a very distinctpeakin this case,
justifying our earlierassertionthat taking into accountthespatial
arrangementof thefeaturesleadsto amorerobustalgorithm.More
detailedexperimentalresultscanbefoundin [9].

3.3. Application to 3D Model Alignment

We will now demonstratethe applicationof our correspondence
algorithmfor aligningtwo modelsof a humanfaceobtainedfrom
differentviews. Fig. 7 depictsthetwo models,onefrom thefront,
theotherfrom theside,whichweaimto integrateinto oneholistic
model.Eachof themodelswasobtainedfrom avideosequenceof
apersonmoving hisheadin front of astaticcamera.Detailsof the
3D modelingalgorithmareavailablein [10]. Oneimage,obtained
from eachof the views, is consideredandour algorithmis used
to obtaincorrespondencebetweenthe featuresselectedautomati-
cally in theseimages.Prior informationfor importantfeaturesin
a humanfacewasprecomputedandusedfor this application.The
prior informationwasautomaticallyobtainedby trackingfeatures
acrossdifferentvideo sequencesandobtainingan averagerepre-
sentationfor eachfeatureover theentirevideosequence.Our al-
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Fig. 5. TheSinkhornnormalizedcorrespondencematrix.
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Fig. 6. Theprobabilityof matchingX againstall permutationsof Y . The
truevalueis markedwith a * below thehorizontalaxis.

Front View Side View

View 1 After Alignment View 2 After Alignment

Fig. 7. 3D modelsfrom thefront andsidewhich areusedasinput to the
algorithmandtwo viewsof the3D modelobtainedafterthealignment.

gorithmwasthenusedto obtainthecorrespondencesbetweenthe
differentfeaturesin thetwo imagesobtainedfrom thetwo partial
models. Having obtainedthe featurecorrespondence,we obtain

the local af�ne transformationbetweenthe two modelsfor all of
the featuresseparately, i.e. y i = Rx i + T wherex i andy i are
thecoordinatesof amatchingpairof pointsandR andT therota-
tion andtranslationbetweenthetwo models.Any othermethodto
obtainthetransformationwould work just aswell, or evenbetter.
Our methodcanalsobeusedto obtainaninitial coarsealignment
of thetwo partialmodels,whichcanthenserveastheinput to pre-
ciseregistrationalgorithmslike thosedescribedin [5, 6]. Fig. 7
alsoshows two viewsof thecompletemodelafteralignment.

4. CONCLUSION

In this paper, we have presenteda probabilistic framework for
matchingtwo setsof features,extractedautomaticallyfrom im-
ages,whichtakesinto considerationtheglobalstructureof thefea-
turesets.TheSinkhornnormalizationprocedureis usedto obtain
a doublystochasticmatrix denotingtheprobabilitiesof matchfor
thetwo featuresets.Themethodworksby minimizing theproba-
bility of a mismatch(usingtheBayeserrorcriterion)betweenthe
shapesof the features,after taking into accounttheir spatialar-
rangement.Robustnessis achievedby includingprior information
regardingthesefeaturesets. We emphasizethat the prior canbe
easilyobtainedfrom video andneedsto be doneonly once. An
applicationof thismethodto 3D modelalignmentof ahumanface
wasdemonstrated.

5. REFERENCES

[1] P. Beardsley, P. Torr, andA. Zisserman,“3d modelacquisi-
tion from extendedimagesequences,” in EuropeanConfer-
enceonComputerVision, 1996,pp.683–695.

[2] R. Koch,M. Pollefeys, andL. VanGool, “Multi viewpoint
stereofrom uncalibratedsequences,” in EuropeanConfer-
enceonComputerVision, 1998,pp.55–71.

[3] B.C. Vemuri and J.K. Aggarwal, “3d model construction
from multipleviewsusingrangeandintensitydata,” in Con-
ferenceon ComputerVision andPatternRecognition, 1986,
pp.435–437.

[4] J. VandenWyngaerd,L. VanGool,R. Koch, and M. Proes-
mans, “Invariant-basedregistrationof surfacepatches,” in
International Conference on ComputerVision, 1999, pp.
301–306.

[5] P.J.BeslandN.D. McKay, “A methodfor registrationof 3-d
shapes,” PAMI, vol. 14,no.2, pp.239–256,February1992.

[6] P.A. Viola andW.M. Wells,III, “Alignmentby maximization
of mutual information,” IJCV, vol. 24, no. 2, pp. 137–154,
September1997.

[7] R. Sinkhorn, “A relationshipbetweenarbitrarypositive ma-
tricesanddoublystochasticmatrices,” AnnalsMath.Statist.,
vol. 35,pp.876–879,1964.

[8] R. DudaandP. Hart, PatternClassi�cationandSceneAnal-
ysis, JohnWiley andSons,1973.

[9] Roy Chowdhury A., StatisticalAnalysisof 3D Modeling
FromMonocularVideoStreams, PhDThesis,Univeristyof
Maryland,CollegePark,2002.

[10] A. Roy Chowdhury, R. Chellappa,S. Krishnamurthy, and
T. Vo, “3d facereconstructionusinga genericmodel,” in
InternationalConferenceonMultimediaandExpo, 2002.


